
PHYSICS 432/532: Cosmology Final Exam Solution Key (2018)

1. [30 points] (5 points each) Short Answers

(a) Because I care, and want you to start out strong, please remind me of the two basic tenets of the
Cosmological Principle.

But because I want you to have a sense of the scale of the universe, please give me an approximation
(to within a factor of a few) of the scale on which the Cosmological Principle is valid.

Sol.

1. The universe is homogeneous on large scales.

2. The universe is isotropic on large scales.

It approaches homogeneity and isotropy on scales of a few hundred megaparsecs. Not coinciden-
tally, those are the scales on which σR � 1.

(b) In the concordance model of the universe, what is the approximate value of ΩΛ at z = 1?

Sol.

The values of matter and dark energy today are ΩM ' 0.3 and ΩΛ = 0.7, which adds up to a flat
universe. This is true generally. At z = 1 (a = 1/2),

ΩΛ(a) =
ΩΛ

ΩΛ + ΩM/a3
' 0.22

(c) Suppose the universe were ΩM = 1.001 (and nothing else), at what expansion factor will it
collapse?

Sol.

Similar to above, we need to compute:

ΩM

a3
= −Ωk

a2

or

a =
1.001

0.001
' 1001

(d) Name/describe at least 2 problems (apart from the horizon problem, which we’ll do in a problem
shortly) that are addressed by the inflationary model.

Sol.

There are plenty, but a few obvious ones are:

• The monopole problem.

• The flatness problem.

• The origin of structure.

(e) Consider a proto-galaxy perturbation in an Einstein-deSitter universe that had δ = 0.1 at z = 19.

At what approximate expansion factor did it start to collapse? At what approximate factor did
it (or will it) virialize?

Sol.

The whole point of the linear theory is that structure grows linearly δlin ∝ a. Thus, starting at
z = 19 (a = 0.05), the structure grows to:

δlin = 1.06 (turnaround)

when the universe had expanded by 10.6 so:

aturnaround = 0.53



Likewise, the system will virialize when:

δlin = 1.686 (collapse)

corresponding to:
acollapse = 0.833

(f) Let’s assume that our overall concordance model is correct (and that the universe flat), but that
we have huge errorbars in w, the equation of state of Dark Energy. For a given value of ΩM , what
is the maximum (least negative) value of w such that the universe is just starting to accelerate
today?

You may leave your answer in terms of ΩM and ΩDE .

Sol.

First, a reminder:

ȧ2 = H2
0

[
ΩM

a
+

ΩDE

a1+3w

]
where I’ve taken the liberty of multiplying out by a2. Thus:

2äȧ = H2
0

[
−ΩM

a2
+ (−1− 3w)

ΩDE

a2+3w

]
evaluating at a = 1 (today) yields the equation:

−ΩM − (1 + 3w)ΩDE ≥ 0

or

w ≤
− ΩM

ΩDE
− 1

3

Incidentally, plugging in the actual values gives: w . −0.5

2. [20 points] You are a cosmologist trying to determine whether you live in 1 of three possible universes:

• “A”: Einstein-deSitter (ΩM = 1)

• “B”: a nearly deSitter (ΩΛ ' 1) Presumably there is some matter component as well, but the
universe, in this case has long ago become Λ dominated. You may assume that ΩM = 0.01, but
don’t overtax yourself. All integrals in this problems are meant to have analytic solutions.

• “C”: A (nearly) empty universe (ΩM ' ΩΛ ' Ωrad ' 0). Presumably it’s not entirely empty or
we wouldn’t be here talking about it.

(a) Justifying your answer with an equation (and solving exactly in terms of 1
H0

if you can do so
explicitly), rank the three universes in terms of increasing age.

Sol.

We’ve done this many times, and we know that formally:

tEdS =
2

3H0

tdS =∞

tempty =
1

H0

so
tA < tC < tB



(b) What is the maximum comoving distance that light emitted from the Milky Way right now can
reach in the limit of large a in the nearly empty universe (C)?

Your answer should either be an explicit function of the expansion factor, a.

Sol.

The comoving distance is:

χ =
c

H0

∫ a

1

da

a2

√
ΩK

a2

=
c

H0
ln(a)

It’s only logarithmically divergent.

(c) Suppose you discover a population of Type Ia SN at redshift z = 0.01 (for which you may assume
the low-redshift form of distance) and another at redshift z = 3. How much dimmer will the more
distant SN appear in the Einstein-deSitter Universe (A)?

(Note: your answer should be a dimensionless ration, < 1 expressed in decimal form).

Sol.

First, note that for small distances:

dL ' χ =
cz

H0
= 0.01

c

H0

This will be true for the next part as well.

However, we also need to compute the comoving distance in an EdS universe:∫ 1

a1

da

a2

√
ΩM

a3

=
2c

H0

(
1−
√
a
)

I’ve set things up so that ai = 1
1+z = 1

4 so:

χ =
c

H0

exactly. So, because we’re in a flat universe:

dL = (1 + z)χ = 4
c

H0

and thus the supernova will be:

ffar
fnear

=

(
0.01 c

H0

4 c
H0

)2

= 6.25× 10−6

times dimmer.

(d) Same as previous, but for the accelerating universe (B)? Comment briefly on how your comparison
with the previous part can tell you about what universe we live in.

Sol.

The universe is also flat. So:

χ =
c

H0

(
1

ai
− 1

)
=

3c

H0

The luminosity distance is 3 times larger than in EdS, so in an accelerating universe, standard
candles will be 9 times dimmer at this redshift:

ffar
fnear

' 6.94× 10−7

Standard candles at high redshift (though this is much higher than we normally observe) are a
very sensitive probe to the accelerating universe.



(e) Grad Students (required)/UGrad (4 pts E.C.) What is the linear growth rate in the nearly
empty universe (C)?

As always, I’d encourage you to use the test form: δ(t) = tn.

Sol.

The simplified form of the structure equation is:

δ̈ +
2δ̇

t
= 0

since H = 1
t for an empty universe, and c2s = Ω = 0.

Using the test form, we get:

n(n− 1) + 2n = 0

n2 + n = 0

yielding:

δ = A+
B

t

3. [30 points] Let’s talk a little bit about the energetics, time scales, and interactions in the early universe.
We’ll be doing it roughly in order.

(a) Let us assume that inflation began precisely at 10−36 s and ended at 2×10−34 s. During the entire
time, the Hubble constant was:

H =
1

2t
= 5× 1035 s−1

Assume the horizon scale of the universe was r = 2c/H(a). Following inflation, how large has r
(in proper distance scales) been inflated to?

To make it clear, give the proper scale of the horizon beforehand and the inflated size afterwards.
Because I’ve given you the Hubble constant in s−1, please express your answers in MKS units.

Note: Don’t be surprised if the final answer also seems small.

Sol. First note that the initial size is:

ri =
2c

H
= 1.2× 10−27 m

To be clear, this is much, much less than the size of an atomic nuclei.

The expansion factor grows by:

af
ai

= exp(H∆t) = exp(100) = 2.7× 1043 m

So the proper size of the Horizon is:

rf = 3.2× 1016m

about a parsec!

(b) What is the comoving size of the horizon scale at the end of inflation?

As a reminder, we found a useful result (valid only during the radiation-dominated era) in class:

t = 2.5× 1019a2seconds

Sol.



At t = 2× 10−34 s,
a = 2.8× 10−27

so the comoving horizon scale is:

χ =
r

a
= 1.1× 1043 m

Much, much larger than a Hubble scale.

Interestingly, if inflation ended only a little sooner, at 10−34 s, then the comoving horizon after
inflation would only be around a Mpc. In some sense, the time to inflation is the minimum amount
it could be to accomplish the flattening of the universe.

(c) At what approximate expansion factor and time (using the relation above) did electrons become
non-relativistic? Electrons, in case you’ve forgotten, have a mass of approximately 0.5 MeV/c2.

Sol.

First, note that for T0 = 2.7K:
kBT = 2.3× 10−4 eV

so

a = 2.3× 10−4 eV500, 000 eV = 4.7× 10−10

So, using the relation above:
t = 5 s

(d) Knowing that µ-ons are about 200 times more massive than electrons, at what approximate time
did they become non-relativistic?

Note: Save yourself some effort and just look at how things scale.

Sol.

They are 200 times more massive, so the universe needed to be 200 times hotter and thus 200
times smaller. Since t ∝ a2, the universe was 1/40, 000 the age or:

t ' 10−4 s

(e) Consider a couple of facts about our actual universe related to Big Bang Nucleosynthesis:

• (mp −mn)c2 ' 1.3 MeV

• σW ' 10−47 m2 at MeV energies.

where the latter is the weak interaction cross-section.

Imagine tweaking these two facts, separately, so that each of the numbers increased by 10 (the
mass difference or the cross-section). What measurable cosmic chemical abundance(s) would that
change (and in which direction) and (for up to 2 points of extra credit), by roughly how much?

Sol.

To get full credit, you only need to mention that helium abundance would go down in both cases,
and give some sense as to why. But to get the extra credit (and for your edification)

1. If you increase the mass difference to 13 MeV, then at neutrino decoupling (at around 0.9 MeV,
when the ratios are locked in) the ratio of neutrons to protons will go:

nn
np

= exp

(
− ∆E

kBT

)
= 0.2→ 5× 10−7

which would mean that there Helium would only have a mass fraction of about 10−6 in the entire
universe.

2. If you increase the cross-section of neutrino interactions by 10, then freeze-out will happen
later. I don’t expect you to know this precisely, but the result was:

nσc = Γ = H



for decoupling, which we found means that:

a3
dec ∝ σ

As a result, 10x the cross-section means adec goes up by ∼ 2, so the temperature goes down by
∼ 2 and thus

nn
np

= 0.05

There’d by roughly 1/4 of the helium as we have in our universe.

(f) In the same spirit, what chemical abundance would change (and, again, please give the direction
of the change) if ΩB were doubled? Give a short explanation as to why.

Sol.

Using the Saha equation, we find that by increasing nB , protons and neutrons will get quickly
swallowed into Deuterium. The deuterium, in turn, will be fused into helium, again quickly. As
helium is essentially only a function of the neutron density, the bigger player here is deuterium.
As it gets merged faster, higher baryons means lower deuterium.



4. [20 points] Below, I (or really, Joe Wraga, because my stupid fortran compiler wasn’t working) used a
linear transfer code called CAMB to plot the theoretical CMB spectra and matter power spectra for 4
different universes: our Concordance Model Universe, as well as universes A, B, and C, which differ in
one cosmological parameter.

The concordance model is on its own page (this page!) so you may rip it out and compare to the others
directly.

What I’d like you to do is to tell me which parameter has been adjusted in each of the other 3
cosmologies, and in which direction (increased or decreased). In general, I’ve only adjusted one. You
should make reference to features in both the CMB and matter power spectra.

Concordance



Model A

Sol.

This is an open, ΩΛ = 0 universe. You can tell because the peaks of the power spectrum haven’t really
changed, but the CMB power spectrum seems to be shifted (indicating an open universe).

Model B

Sol.

The shapes for both spectra are identical as in the concordance model. I’ve just changed the normal-
ization. Indeed, we’ve just set σ8 = 0.4.

Model C

Sol.



There are two big changes in these spectra. 1 is that the first acoustic peak of the CMB spectrum is
huge compared to concordance, and the second is that there are Baryon Acoustic Oscillations in the
matter power spectrum, suggesting a high ΩB . I set it to 0.1, compared to 0.04 in the concordance
model.


