
PHYSICS 631: General Relativity – 2015 Final Exam

You have 1 1/2 hours to complete the exam. Please answer all questions
clearly and completely, and that you clearly indicate your final answer to each
problem. Only material in your blue book will be graded. You may use the
formula sheet, attached. Beyond that, the exam is entirely closed book.

1. [25 points] Short Answer

(a) Name three observational/experimental tests of general relativity.

(b) Who will age slower (who will have aged less after a fixed coordinate
time): an observer orbiting a black hole at radius r, or an observer
dangling above a black hole at radius, r? You must justify your anser
for full credit.

E.C. In the limit of r � 2M , what is the approximate ratio of the
distortion effects between the two observers?

(c) The non-zero Riemann tensor components on the surface of a sphere
are:

Rθφθφ = R2
0 sin2 θ

and the metric is:

gµν = R2
0

(
1 0
0 sin2 θ

)
along with all of the non-vanishing permutations. R0 is the radius of
the sphere. What is the Ricci scalar?

(d) Following the previous part, two travelers start at the North pole,
separated by ∆φ each heading due South at the same rate. In class,
we encountered the geodesic deviation:

d2(δxα)

dλ2
= −gαγRγµβσUµUσδxβ

Setting λ as the parameter for U such that:

dxα

dλ
= Uα

and U ·U = 1. Compute the apparent relative acceleration, dUφ/dλ,
between the two travelers at any point on their journey.

(e) Consider two overlapping beams of particles with 4-momenta densi-
ties:

pα = ρ0

(
γ
±vγ

)
The beams have no internal scatter in the particle motion (that is,
no intrinsic pressure).

Write down the stress-energy tensor of the fluid in the two-component
fluid.
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2. [15 points] A rocket of mass, m, is accelerating through Minkowski space
in 1+1 dimensions. It starts from rest, but accelerates such that:

U0 = 1 + gx

where g is a constant.

(a) Please compute U1 and v as a function of U0. Please leave your
answer (for this part) in terms of U0; no need to expand out the
relation explicitly.

(b) Calculate v(x) in the limits of x→ 0 (to lowest non-vanishing order
of x), and x→∞.

Compare v(x) in the low speed limit to the result that you’d get for
a non-relativistic particle under constant acceleration.

You will need to relate v(t) and x(t) for a non-relativistic particle
under acceleration, g.

(c) Write an integral (but do not solve), a relation that would tell us
how much time appears to pass inside the ship to reach some known
coordinate, xF under this constant acceleration. The integral should
be over x (and constants) only.

3. [15 points] Consider a spaceship moving radially outward from the origin
at a speed:

v =
4

5

in the FRW metric. The initial speed is measured from earth.

(a) Assuming the particle is emitted from earth at a = 1, what is the
4-velocity of the particle?

(b) How fast is the particle moving (compared to a nearby stationary
observer) once the universe has increased in size to: af = 4/

√
7 '

1.51?

In case you’re wondering, I chose that value so as to give you a very
satisfying answer at the end if you’ve done everything correctly.

You may want to spend a moment or two considering conserved quan-
tities for radial trajectories.

If you can’t compute the velocity, partial credit will be given if you
compute the γ factor correctly.

(c) What would happen to the wavelength of a photon which was emitted
at λ0, and detected once the universe has expanded to af?
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4. [20 points] For reasons that are not entirely clear, I have suspended you
by a rope at a distance of 8M/3 (approximately 4km) from the center of
a solar mass black hole.

(a) While dangling, what is your 4-velocity? Please simplify as much as
possible.

(b) You are suspended for what feels like 1 hour, during which you send
SOS signals to a space station far away. How much time passes for
the space station?

(c) After your hour of panicked dangling, the rope is cut. What is the
instantaneous radial acceleration, d2r/dτ2 on the ship?

(d) In a last ditch effort to survive the black hole, the astronaut (you)
is ejected radially from the ship. If you and your suit have a mass,
m, kinetic energy (in the local frame) do you need to be given to
successfully ejected from the gravitational field?

The kinetic energy of a relativistic particle is simply:

K = E −m

as opposed to what you may have learned in your youth.

(Note: There is no guarantee that you would survive the ejection. In
fact, you would most certainly not.)

E.C. How fast (locally) would you need to be ejected from the ship?
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5. [25 points] Consider a metric in a 2+1 dimensional space:

gµν =

 −e−αx 0 0
0 e−αx 0
0 0 1


where α is a positive, non-zero constant, and the coordinates are (t, x, y).

(a) Compute all non-zero Christoffel symbols.

(b) Compute all non-zero Riemann tensor terms. From that, please de-
termine an approximate analytic relationship for the density as a
function of position.

Hint: At most, the density will be a function of the x coordinate only.

(c) A particle starts at rest at the origin. Compute the instantaneous
4-acceleration on the particle, dUµ/dτ .

(d) The system is left to evolve, but at some later time, the particle is
found at position, xf (the 1st spatial component, just to be clear).
Using whatever conservation laws you like, please compute U1 at that
time.

E.C. For small displacements, compute the velocity component to
lowest order in x.

(e) What is the volume element of this metric?
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