
PHYSICS 631: General Relativity

Homework # 3
Due May 4, 2017

Please show all of your work. By all means, if you have any questions, please come see me.

1. You’re on your honor not to do this one by hand. I realize you can use a computer or simply look it
up. Please don’t.

In a flat space, the metric in spherical coordinates, r,θ,φ is:

gij =

 1 0 0
0 r2 0
0 0 r2 sin2 θ


(a) Please compute all non-zero Christoffel symbols for this system.

(b) Compute the divergence
V i;i

2. Consider a vector in 2-d flat space:
~v = î

at the position
~ri = î

(a) Suppose you moved the vector to a position (in Cartesian coordinates):

~rf = î+ εĵ

where ε � 1. You move without changing the vector itself. What would the components of
the vector, ~v be in polar coordinates at the final position? Method 1: Use a straight geometric
approach. Turn the Cartesian coordinates into polar coordinates.

(b) Method 2: Use the relation:
vi;j = 0

along the curve. That is:
∆vi = vi,j∆x

j .

3. 5.12

4. 5.14

5. 7.3 (This is very important, since it is, in effect, the metric for weak field gravity.)

(over)



6. A cosmic string is a theoretical construct (never observed in nature) which is infinitely long, and has
a mass density per unit length of λ. The coordinates describing the spacetime surrounding a cosmic
string are:

xµ =


t
R
φ
z


and which has a metric:

gµν =


−1 0 0 0
0 1 0 0
0 0 R2(1 − 4λ) 0
0 0 0 1


(a) Compute the volume element, dV , near the cosmic string.

(b) Compute all non-zero Christoffel symbols. Please be smart, and start by noting that a) the metric
is diagonal (for easy inversion), and b) most derivatives cancel.

(c) Compute the distance between two points separated by dxµ = dR, and all other coordinates equal
to zero. From that, compute the distance from the string itself out to a distance of R = 1.

(d) Compute the distance between two points, each R = 1 from the string separated by an angle dφ
(with all other dxµ = 0).

Using that, what is the total distance traversed by a particle covering a circular orbit of R = 1
around the cosmic string?

(e) Compare parts c) and d) in the context of the normal relationship between radius and circumfer-
ence. That is, does C = 2πr? If not, what should it be replaced with?


